The purpose of this paper is a theoretical study of a non-linear problem of rheological fluid transport in an axisymmetric tube by cilium. However, an attempt has been made to explain the role of cilia motion on the transport of fluid through the ductus efferentes of the male reproductive tract. Ostwald-de Waele power law viscous fluid has been considered to represent the rheological fluid to analyze pumping by means of a sequence of beat of cilia from row to row of cilia in a given row of cells and from one row of cells to the next (metachronal wave movement) under conditions for which the corresponding Reynolds number is small enough for inertial effects to be negligible and the wavelength to diameter ratio is large enough for the pressure to be considered uniform over the cross-section.
Introduction
A cilium which means an eyelash in Latin, is motile (although not all cilia motile) hairlike slender appendage/sprotuberance that project from the free surfaces of certain cells (e,g. eukaryotic cells) and is present in almost all groups of the animal kingdom. Because of its motility, it plays an important role in diverse physiological processes such as locomotion, alimentation, circulation, respiration and reproduction.
There are two types of cilia namely motile cilia and non-motile or primary cilia. However, the motile cilia which do not beat randomly but are coordinated are taken into consideration in this study. This nature of the cilia gives extremely interesting aspects of ciliated epithelium.
A summary of general observations and conclusions on the cilia of the gill of several aquatic species was given by Rivera [1] as: (a) In any given tissue, the rate of beat of all the cilia is remarkably uniform. (b) The lashings of a single cilium and of cilia on adjacent cells appear to be definitely coordinated. (c) A definite metachronal wave is established. Metachronal rhythm is a movement where there is always a sequence of beat from row to row of cilia in a given row of cells and from one row of cells to the next, so that any small foreign body resting on the ciliated surface is progressively moved always in the same direction.
Since a metachronal wave provides a more "steady progression of water over the ciliated surface or perhaps because it is not practical to excite a synchronous beat over a large area" (Sleigh [9] ), it is widely believed that cilia beat in a metachronal wave rather than synchronously.
However, the metachronal wave along a ciliated surface can change its pattern (Sleigh [9] ). The change depends on whether the metachronal waves travel in the same direction as the effective stroke of the ciliary beat (symplectic metachronism), or the metachronal waves travel in the opposite direction to the effective stroke of the beat and thus opposite to the movement of fluid (antiplectic metachronism), or the cilia beat at right angles to the line of wave progression (diaplectic metachronism). Satir [8] showed an example of a diaplectic metaehronal wave in Figure 6 of his study [8] , while some data based on wave lengths, metachronal wave velocities and frequencies are available for lower animal forms (Sleigh [9] ). It is to be noted that data do not appear to be readily obtainable for higher animal species, especially mammals. However, it was measured that the beat frequency for cilia lining in the rabbit oviduct is approximately 20-30 beats/sec (Borell et al. [11] ). It is important to mention that this order of magnitude of the frequency is comparable with frequencies of cilia beat of lower forms (Sleigh [9] ).
It is to be noted that the investigations on the hydrodynamics of protozoa which use cilia for locomotion have being carried out by many investigators (c.f. Jahn and Bovee [12, 13] and the references therein). Blake [17, 18] considered a spherical envelope model for the swimming of the protozoan opalina and the swimming motion of either a two-dimensional or cylindrical ciliated body. Miller [14, 15, 16] worked on the problem of mucus transport in the trachea by the use of a mechanical simulation of the cilia in the trachea, while an analytical model for mucus transport in the trachea had been presented by Barton and Raynor [22] without consideration of the metachronal wave motion. These studies in protozoology and mucus transport in the respiratory tract supplied information on the means of locomotion in protozoa and particle transport in the respiratory tract. However, only a little work has been done to relate the properties of the cilia and the metachronal wave to the net fluid transport in tubules. Our motivation is coming from problems associated with the understanding of the transport of fluid through the ductus efferentes of the human male reproductive tract (Greep [37] ) and the effect of cilia on ovum and sperm transport in the Fallopian tubes (Blandau [20] ), (Sturgis [21] ).
Particularly, this paper will deal with a comparison of the results for the flow rates of our model to the flow rates estimated in the ductus efferentes of the male reproductive tract.
It is to be noted that there are only a few data available on the flow rates due to ciliary activity. Based on the experimental determinations (Tuck et al. [30] , Waites and Setchell [31] , Setchell [33] ), Lardner and Shack [4] estimated flow rate as 6 × 10 −3 ml/hr with approximate values of R = 50µ, frequency of beat of the cilia as 20/sec for human testes, while the theoretical model of Lardner and Shack [4] obtained a flow rate of 0.12 × 10 −3 ml/hr. Hence further studies are required for considerable improvements.
Past experimental observations indicate that most of the biological fluids possess nonNewtonian behaviour [23, 42, 43, 44, 27, 28, 29, 35] . So, analysis on the basis of simple Newtonian fluid non accurate results. The power law model is one of the simplest but the most widely used model for rheological fluid transports [24, 25, 26, 27, 28, 29, 35] . The rheological nature of this model is strongly dependent on rehological fluid index n and the model approximates both shear-thinning (n < 1) and shear-thickening (n > 1) fluids behaviour over a large range of flow conditions [42, 23, 27, 28] . Viscous properties of human semen is experimentaly found to exhibit power law-behaviour [Dunn and Picologlu [42] , Mendeluk et al. [43] ]. It has been reported experimently that semen proves to fit in a power-law model with pseudoplastic behavior [43, 42] .
Thus studies on fluid transport of the power law model by ciliary activity may be useful to draw some important conclusions.
Recently, Siddiqui et al. [39] have studied the flow of a power law fluid due to ciliary motion in an infinite channel and remarked that the power-law fluid gives results closer to the estimated one as 6 × 10 −3 ml/hr. However, we believe that there are some drawbacks in their claim. They took ǫ = 0.9, giving reference to Agarwal and Anawaruddin [40] who reported an application of theirs model to fluid transport in vas deference considering ǫ = 0.9. It is important to mention that ductus efferentes and vas deferens are quite different ducts, while we have no idea about the possibility of ǫ = 0.9 for the later case. However, ǫ, a non-dimensional measure with respect to mean radius R of the tube and the cilia length, would be much less than ǫ = 0.9 [19, 4] . To the authors' knowledge, the other drawbacks of the results in [39] are:
(i) they considered large favourable pressure gradient which was constant. It is well known that pressure gradient in small biological vessels (at least when there is a wave like peristaltic wave [9, 8, 32, 28, 36] , metachronal wave etc in the vessels) varies with the length of the vessels and large favourable pressure gradient are physiologically insignificant, in general, and, at least, in the ductus efferentes ( number of spermatozoa up to certain limit, however in the case of heavily concentrated spermatozoa suspensions, the fluid behaviour may be considered similar to that of a shear thickening fluid [42, 43, 44] . Moulik et al. [46] reported that high viscosity of semen can be an indication of antibodies in the plasma and/or genital tract infection.
Some novel features may be reported in this study by which we can have a better insight In this investigation, the term cilia, as it is used, is limited to clliated epithelium and will not include flagella; comparative physiology of flagella including sperm tails may be found in the papers by Fawcett [6] and by Sleigh [9] .
Formulation
A non-linear problem concerning the fluid transport characteristics in an axisymmetric tube under the action of ciliary beat that generate a metachronal wave will be studied here, by We treat (R,θ,Z) as the cylindrical coordinates of the location of any fluid particle, R being the radius of the tube, the coordinate Z measured in the direction of wave propagation and θ being the rotational coordinate. If τ be the stress tensor and ∆ the symmetric rate of deformation tensor, the constitutive equation of shear stress for the Ostwald-de Waele power law fluid can be written as
in which α and n denote respectively the consistency factor and the power-law index parameter, depicting the behaviour of the fluid; U and V are the velocity components in the Z and R directions. It is well known that a shear thinning fluid is classified by n < 1, while for a shear thickening fluid, n > 1. Based on the above consideration, the motion of an incompressible viscous Ostwald-de Waele power-law fluid in an axisymmetric tube together with equation of continuity may be considered to be governed by the equations
where ρ and P are the density and pressure of the fluid. Keeping the view on the geometry of the metachronal wave pattern, it is assumed that the envelope of the cilia tips can be written mathematically in the following form:
which can be therefore assumed as the the equation of the extensible channel wall, where 'a' denotes the mean radius of the tube, ǫ is a non-dimensional measure with respect to 'a' of the cilia length, and λ and c stand for the wave length and wave velocity of the metachronal wave.
Based upon the different patterns of cilia motion observed in Sleigh (1968) , the cilia tips can be considered to move in elliptical paths such that the horizontal position of a cilia tip can be written as
where Z 0 represents a reference position of the particle and α stands for a measure of the eccentricity of the elliptical motion. Under the no slip conditions, the velocities imparted to fluid particles are just those of the cilia tips and hence the axial and vertical velocities of the cilia can be given by
If equations (5) and (6) are applied to equations (7) and (8), we have
These boundary conditions enable us to distinguish between the effective stroke of the cilia and the slow less effective recovery stroke by approximately accounting for the shortening of the cilia. In other wards, we can say that the tube is narrower when U is positive.
For a wave frame (z,r) moving with a velocity c away from a fixed frame (Z,R), let us take the transformations
in which (u,v) and (U,V ) are the velocity components, p and P stand for pressure in wave frame and fixed frame of reference respectively. Henceforward, we shall make use of the following non-dimensional variables:
If we drop the bars over these symbols, the equations governing the flow of the fluid can be rewritten as 1 r ∂(r ∂v ∂r
whereas the boundary conditions are ∂u ∂r = 0 at r = 0 and u = −2παδǫ cos(2πz)
on r = h = 1 + ǫ cos(2πz).
Since in most of the cases of flow in small diameter tubules, Reynolds numbers are very small (Re ≪ 1), the analysis can be carried out by the approximation of the inertia-free flow. In this case, the governing equations under the consideration of the long-wavelength approximation can be simplified as follows:
and also the forms of the boundary conditions will now be ∂u ∂r = 0 at r = 0 and u = u(h) = −1 − 2παδǫ cos(2πz) (21)
on r = h = 1 + ǫ cos(2πz). By solving (19) subject to the boundary condition (9), we have found the axial velocity in the form
If we integrate the continuity (19) across the cross section of the tube, we get 
which implies that
This shows that the volume flow rate q in the wave frame of reference is constant. On integration (23) across the cross section of the tube, the pressure gradient can be represented in terms of the volume flow rate by the following form.
Putting dp/dz, obtained from (28), into (23) we calculate
The instantaneous volume flow rate, Q 1 (Z, t), in the fixed frame of reference is found by integrating
Thus, the time-mean volume flow over a period is given by
which, on integration for the sinusoidal wall of (5), gives
After solving dp/dz from (28) and using (32), the pressure rise per wavelength can be calculated by the relation ∆p = 1 0 dp dz
It may be noted that if we put n = 1, α = 0 in Equations (23), (28) and (33) , the expressions reduce to those reported earlier in Ref. [32] . If α = 0, the results also match well those of Ref.
[27] when the peristaltic wave form in [27] is replaced by the metachronal wave in this study in the fixed frame of reference. Similarly, if the yield stress is set equal to zero and fluid flow is considered in an axisymmetric uniform vessel in [36] , the expressions said above reduces to that obtained in [36] .
By solving the continuity equation (13) subject to the boundary condition (22), we have found the radial velocity as It is to be noted that there is only a few available data on the flow rates due to ciliary activity [4, 19] . 
Pumping Characteristics
It is natural that pressure-flow characteristic (i.e. the pumping characteristics) can be deter- It is worthwhile to mention that an increase of ǫ corresponds to rise of cilia length and vice versa. Again in the case of free pumping, when ǫ=0, there is no cilia to the inner surface of the tube, thenQ=0.
Distribution of Velocity
As shown in previous section, the mean flow is attributable solely to the motion of ciliary activity during free pumping and motion of cilia supplies the only driving force for fluid motion. Similar observations were made numerically and analytically by Takabatake and Ayukawa [34] and Maiti and Misra [35, 36] , Misra and Maiti [28] for a Newtonian fluid and non-Newtonian fluids respectively for a peristaltic transport. From the standpoint of ciliary pumping, this retrograde flow at the trough region is considered to be a kind of ineffective leakage.
It is to be noted that the beat of a single cilium can be separated into two distinct phases. 
Application to fluid transport in the ductus efferentes
The ciliated walls of an axisymmetric tube have been modelled by an metachronal wave of cilium which is equivalent to a wavy wall of peristaltic transport. There is only a few available data in the existing literature on the flow rates due to the ciliary activity. The relationship between the pressure difference and the time-mean-volume flow through an axisymmetric tube is given in (33) . We have to test if the results of (33) are applicable to the flow rates observed in the ductus efferentes of the male reproductive tract. In the human, the ductuli efferentes are 10-15 tubules connecting the rete testis to the epididymis and the cells lining these tubules are ciliated. It is generally believed that the cilia are responsible for fluid transport [37] . On the basis of experimental observations [30, 31, 33] 
